Two explicit formulas for the generalized Motzkin numbers by Jiao-Lian Zhao & Feng Qi
Zhao and Qi Journal of Inequalities and Applications  (2017) 2017:44 
DOI 10.1186/s13660-017-1313-3
RESEARCH Open Access
Two explicit formulas for the generalized
Motzkin numbers
Jiao-Lian Zhao1,2* and Feng Qi3,4
*Correspondence:
zhaojl2004@gmail.com
1State Key Laboratory of Integrated
Service Networks, Xidian University,
Xi’an, Shaanxi 710071, China
2Department of Mathematics and
Physics, Weinan Normal University,
Weinan, Shaanxi 714009, China
Full list of author information is
available at the end of the article
Abstract
In the paper, by the Faà di Bruno formula, the authors establish two explicit formulas
for the Motzkin numbers, the generalized Motzkin numbers, and the restricted
hexagonal numbers.
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1 Introduction andmain results
The Motzkin numbers Mn enumerate various combinatorial objects. In , fourteen
diﬀerent manifestations of the Motzkin numbers Mn were given in []. In particular, the
Motzkin numbersMn give the numbers of paths from (, ) to (n, ) which never dip below
the x-axis y =  and are made up only of the steps (, ), (, ), and (,–).
The ﬁrst sevenMotzkin numbersMn for ≤ n≤  are , , , , , , . All theMotzkin
numbersMn can be generated by
M(x) =  – x –
√
 – x – x
x =

 – x +
√


























where x denotes the ﬂoor function whose value is the largest integer less than or equal
to x. For detailed information, please refer to [] and the closely related references therein.
For information onmany results, applications, and generalizations of theCatalan numbers
Cn, please refer to the monographs [, ], the papers [–], the survey article [], and
the closely related references therein.
© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in anymedium, pro-
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In [], the (u, l,d)-Motzkin numbers m(u,l,d)n were introduced and it was shown in [],
Theorem ., thatm(u,l,d)n =m(,l,ud)n ,
Mu,l,d(x) =
 – lx –
√



















Comparing (.) with (.) reveals that m(,,)n = Mn and the (u, l,d)-Motzkin numbers
m(u,l,d)n generalize the Motzkin numbersMn.











for a,b ∈N and the generating function
Ma,b(x) =
 – ax –
√





was discovered. It was pointed out in [] that
Mn(, ) =Mn, Mn(, ) = Cn+, and Mn(, ) =Hn, (.)
where Hn denote the restricted hexagonal numbers and were described in [].
For more information onmany results, applications, and generalizations of theMotzkin
numbersMn, please refer to [, , , , ] and the closely related references therein.
From (.) and (.), it is easy to see that m(u,l,d)n = m(d,l,u)n . Comparing (.) with (.)






Therefore, it suﬃces to consider the generalized Motzkin numbers Mk(a,b), rather than
the (u, l,d)-Motzkin numbersm(u,l,d)n , in this paper.
Themain aim of this paper is to establish explicit formulas for theMotzkin numbersMk
and the generalized Motzkin numbers Mk(a,b). As consequences, two explicit formulas
for the restricted hexagonal numbers Hn are derived.
Our main results in this paper can be stated as the following theorems.














k –  + 
)
, (.)












(n – )!! = (–)
n nn!
(n)! , n = , , . . . .















k –  + 
)
. (.)












































, n ∈N. (.)
Consequently, equation (.) for the Catalan numbers Cn is valid, the Motzkin numbers







































, n ∈N, (.)
respectively.
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2 Proofs of main results
Now we are in a position to prove our main results.
Proof of Theorem  From (.), it follows that
√









(k + )! limx→
(√
 – x – x
)(k+), k ≥ . (.)
In combinatorial analysis, the Faà di Bruno formula plays an important role and can be
described in terms of the Bell polynomials of the second kind


























h′(t),h′′(t), . . . ,h(n–k+)(t)
)
(.)
for n≥ ; see [], p., Theorem C. The Bell polynomials of the second kind Bn,k(x,x,
. . . ,xn–k+) satisfy the formula
Bn,k
(
abx,abx, . . . ,abn–k+xn–k+
)
= akbnBn,k(x,x, . . . ,xn–k+) (.)
for n ≥ k ≥ ; see [], p.. In [], Theorem ., [], Eq. (.), and [], Section , it
was established that








xk–n, n≥ k ≥ . (.)
Then, for k ≥ , we have
(√









 – x – x


































k –  + 
)
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x(x – ) · · · (x – n + ), n≥ ,
, n = ,























k –  + 
)
for k ≥ , which can be rewritten as (.). The proof of Theorem  is complete. 
Proof of Theorem  From (.), it is derived that
√









(k + )! limx→
[√
( – ax) – bx
](k+), k ≥ . (.)
By virtue of (.), (.), and (.), it follows that
[√







































































































for k ≥ , which can be further rearranged as (.).
Letting (a,b) = (, ) and (a,b) = (, ), respectively, in (.) and considering the last two
relations in (.) lead to (.) and (.) immediately. The proof of Theorem  is com-
plete. 
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Proof of Theorem  For |x[(a – b)x – a]| < , the generating function Ma,b(x) in (.)





 – ax –
√






































































































































































































for n ∈N. In conclusion, equation (.) follows.
Taking (a,b) = (, ), (a,b) = (, ), and (a,b) = (, ), respectively, in (.) and consider-
ing the three relations in (.) lead to (.), (.), and (.) readily. The proof of Theorem
is complete. 
3 Remarks
Finally, we list several remarks.
Remark  The explicit formula (.) is a generalization of (.).
Remark  Equation (.) and many other alternative formulas for the Catalan numbers
Ck can also be found in [–, , , –] and the closely related references therein.














which is diﬀerent from the two equations (.) and (.).
Remark  Making use of any one among equations (.), (.), and (.), we can present
the ﬁrst nine generalized Motzkin numbersMn(a,b) for ≤ n≤  and a,b ∈N as follows:




, a + ab + b, a
(
a + ab + b
)
,
a + ab + ab + b, a
(
a + ab + ab + b
)
,
a + ab + ab + ab + b.
In particular, the ﬁrst nine restricted hexagonal numbers Hn for ≤ n≤  are
, , , , , , ,, ,, ,.
4 Conclusions
By the Faà di Bruno formula and some properties of the Bell polynomials of the second
kind,we establish two explicit formulas for theMotzkin numbers, the generalizedMotzkin
numbers, and the restricted hexagonal numbers.
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